Abstract. The paper considers the general concept of uniform exponential splitting as a generalization of uniform exponential dichotomy property for evolution operators in Banach spaces. Two characterizations in terms of integral inequalities of Datkotype respectively Lyapunov functions for uniform exponential splitting of a noninvertible evolution operator with respect to invariant projections families are obtained.
Introduction
The notion of exponential dichotomy introduced by O. Perron in 1930 ( [13] ) is one of the most important properties in the qualitative theory of the asymptotic behaviors of evolution operators in finite and infinite dimensional spaces (see [1] - [8] and the references therein). While most of the research on exponential dichotomies has been devoted to invertible dynamical systems (see e.g [10] , [12] ), there are only a few papers dealing with the general noninvertible case (see e.g [6] , [9] , [14] ).
The study of noninvertible systems is of great importance and in this sense we point out the paper of B. Aulbach and J. Kalkbrenner [1] , where is introduced the notion of exponential forward splitting, motivated by the fact that there are differential equations whose backward solutions are not guaranteed to exist. This approach is of interest in applications, see for example, random dynamical systems, generated by random parabolic equations, are not invertible ( for more details see L. Zhou et al. [15] ). The most important dichotomy concept used in the qualitative theory of dynamical systems is the uniform exponential dichotomy. In some situations, particularly in the nonautonomous setting the concept of uniform exponential dichotomy is too restrictive and it is important to consider more general behaviors (see for instance [3] , [8] , [11] ). Two different perspectives can be identified to generalize the concept of uniform exponential dichotomy, one can define dichotomies that depends on the initial time ( and therefore are nonuniform ) and, on the other hand, one can consider growth rates which not imply an exponential dichotomy behavior, in particular the exponential splitting. Based on this fact, the purpose of this paper is to give two characterizations in terms of integral inequalities of Datko-type respectively Lyapunov functions for uniform exponential splitting of an evolution operator with respect to invariant projections families. As particular cases, characterizations for uniform exponential dichotomy are obtained. We note that we consider evolution operators which are not supposed to be invertible ( in particular, evolution operators which are not generated by differential equations ) and moreover, the time variable is considered on the half-line.
Uniform exponential splitting
Let X be a real or complex Banach space and B(X) the Banach algebra of all bounded linear operators on X. The norms on X and on B(X) will be denoted by || · ||. Also, we denote ∆ = {(t, s) ∈ R 2 + : t ≥ s}. We recall that an operator valued function Φ : ∆ → B(X) is called an evolution operator on X if Φ(t, t) = I (the identity operator on X) and Φ(t, t 0 ) = Φ(t, s)Φ(s, t 0 ), for all t ≥ s ≥ t 0 ≥ 0.
If P : R + → B(X) is a family of projections on X (i.e. P (t) 2 = P (t), for every t ≥ 0) which is invariant for the evolution operator Φ : ∆ → B(X) (i.e. P (t)Φ(t, s) = Φ(t, s)P (s), for all (t, s) ∈ ∆), then Q : R + → B(X) defined by Q(t) = I − P (t) is a family of projections on X (which is called the complementary family of projections of P ) and it is also invariant for Φ.
In what follows, we consider an evolution operator Φ : ∆ → B(X) and a family of projections P : R + → B(X) which is invariant for Φ.
Also, for (t, s) ∈ ∆, we will denote
Definition 2.1. We say that the pair (Φ, P ) admits an uniform exponential splitting if there exist the real constants N ≥ 1 and α < β such that:
and
The constants α and β are called splitting rates.
In particular, if α < 0 < β, then we say that (Φ, P ) has an uniform exponential dichotomy.
Remark 2.1. If the pair (Φ, P ) has an uniform exponential dichotomy, then it also admits an uniform exponential splitting. The following example shows that the converse implication is not valid.
Example 2.1. We consider X = l ∞ (N, R) the Banach space of bounded real-valued sequences, endowed with the norm
Let P : R + → B(X) be the family of projections, defined by
The complementary family of P is Q : R + → B(X),
for all (t, s) ∈ ∆ and all x = (x 0 , x 1 , x 2 , ...) ∈ X.
We observe that
From here we obtain that
Thus, (Φ, P ) admits an uniform exponential splitting with the splitting rates α = 2 < 4 = β.
If we suppose that (Φ, P ) has an uniform exponential dichotomy then there exist N ≥ 1, α > 0 such that
In particular for s = 0 and x = (0, 1, 0, 0, 1, 0, ...) we obtain e 2t ≤ N e −αt , for all t ≥ 0, which yields to a contradiction.
Remark 2.2. The pair (Φ, P ) admits an uniform exponential splitting if and only if there exist the constants N ≥ 1, α, β ∈ R, α < β with the properties:
for all t ≥ s ≥ t 0 ≥ 0 and all x ∈ X.
Proposition 2.1. The pair (Φ, P ) admits an uniform exponential dichotomy if and only if there exists ν > 0 such that:
for all (t, s, x) ∈ ∆ × X.
Proof. Necessity. It results for ν = min{−α, β}. Sufficiency. It is immediate.
Definition 2.2. The constant ν from Proposition 2.1 is called dichotomy rate.
In the following proposition we consider the real constants α < β, γ = α + β 2 and δ = β − α 2 and the evolution operator Φ γ : ∆ → B(X), defined by
Proposition 2.2. The pair (Φ, P ) admits an uniform exponential splitting with the splitting rates α < β if and only if (Φ γ , P ) has an uniform exponential dichotomy with the dichotomy rate δ.
Proof. Necessity. For all (t, s, x) ∈ ∆ × X the following relations hold:
Sufficiency. We show that the inequalities from Definition 2.1 are verified:
Characterizations of Datko type for uniform exponential splitting
In this section we consider an evolution operator Φ : ∆ → B(X) which is strongly measurable ( i.e. the mapping t → ||Φ(t, s)x|| is measurable for all (t, s, x) ∈ ∆ × X) and a family of projections P : R + → B(X) which is invariant for Φ. A characterization for the uniform exponential splitting property is given by 
Proof. Necessity. It is a simple verification for
Sufficiency. We prove that the relations from Remark 2.2 are satisfied. Let N = D 2 e ω max{e −γ , e δ }. (ues 1 ) Case 1. Let (t, s), (s, t 0 ) ∈ ∆ with t ≥ s + 1. Then,
. We have
We obtain that (ues 1 ) is verified for all (t, s), (s, t 0 ) ∈ ∆, x ∈ X. (ues 2 ) Case 1 : We consider (s, t 0 ) ∈ ∆, t ≥ s + 1. Then,
It results
. We obtain that
Thus, the relation (ues 2 ) is verified for all (t, s), (s, t 0 ) ∈ ∆, x ∈ X.
In conclusion, the pair (Φ, P ) admits an uniform exponential splitting.
As a particular case, we obtain a characterization of uniform exponential dichotomy given by 
Proof. Necessity. It is immediate, from Proposition 2.1, considering ω > 0, µ ∈ (0, ν). Sufficiency. It results, using a similar technique with Theorem 3.1, for µ = min{−γ, δ}.
Lyapunov functions for uniform exponential splitting
Let P : R + → B(X) be a family of projections on X which is invariant for a strongly measurable evolution operator Φ : ∆ → B(X). 
A characterization of uniform exponential splitting property in terms of Lyapunov functions is given by Theorem 4.1. The pair (Φ, P ) has an uniform exponential splitting if and only if there exist L : ∆ × X → R + a Lyapunov function for (Φ, P ) and the constants M ≥ 1, ω > 0 such that:
Proof. Necessity. Let α, β ∈ R, α < β and L :
It is easy to verify that L is a Lyapunov function for (Φ, P ) and the conditions (iii) and (iv) are satisfied. Sufficiency. Using Definition 4.1, (L 1 ) and (iii) from the hypothesis we obtain for all (t, t 0 ) ∈ ∆, x ∈ X. From the relations (4.1), (4.2), (i), (ii) and Theorem 3.1 we obtain that (Φ, P ) admits an uniform exponential splitting.
As a particular case, we obtain a characterization for the uniform exponential dichotomy, given by Corollary 4.1. The pair (Φ, P ) has an uniform exponential dichotomy if and only if there exist L : ∆ × X → R + a Lyapunov function for (Φ, P ) and the constants M ≥ 1, ω > 0 such that:
(i) ||Φ P (t, s)x|| ≤ M e ω(t−s) ||P (s)x||;
(ii) e −ω(t−s) ||Q(s)x|| ≤ M ||Φ Q (t, s)Q(s)x||;
(iii) L(s, s, Φ P (s, t 0 )x) ≤ M ||Φ P (s, t 0 )x||;
(iv) L(t, t 0 , Q(t 0 )x) ≤ M ||Φ Q (t, t 0 )x||, for all (t, s), (s, t 0 ) ∈ ∆, x ∈ X.
